Received: January 31, 2000, Accepted: March 28, 2000

HYPER VERSION

Supersymmetric duality rotations

Sergei M. Kuzenko and Stefan Theisen

Sektion Physik, Universität München Theresienstr. 37, D-80333 München, Germany E-mail: sergei@theorie.physik.uni-muenchen.de

theisen@theorie.physik.uni-muenchen.de

Abstract: We derive N = 1, 2 superfield equations as the conditions for a (nonlinear) theory of one abelian N = 1 or N = 2 vector multiplet to be duality invariant. The N = 1 super Born-Infeld action is a particular solution of the corresponding equation. A family of duality invariant nonlinear N = 1 supersymmetric theories is described. We present the solution of the N = 2 duality equation which reduces to the N = 1 Born-Infeld action when the (0, 1/2) part of N = 2 vector multiplet is switched off. We also propose a constructive perturbative scheme to compute duality invariant N = 2 superconformal actions.

Keywords: Supersymmetry and Duality, Extended Supersymmetry.

Contents

1. Introduction 1

2. N = 1 duality rotations 3

3. N = 2 duality rotations 6 3.1 N = 2 duality equation 6 3.2 N = 2 BI action 7 3.3 Duality invariant N = 2 superconformal actions 10

A. N = 0 duality invariant models 13

B. N = 2 BI action and Legendre transformation 15

1. Introduction

The general theory of duality invariance of abelian gauge theory was developed in [1, 2] and further elaborated in a series of publications (see [3]–[10] and references therein). In this paper we generalize the duality equation of Gaillard and Zumino [6, 7], also obtained independently in [4], to N = 1, 2 supersymmetric theories. This duality equation is the condition for a theory with lagrangian L(F_{ab}) to be invariant under U(1) duality transformations δF = λ G , δG = −λ F , (1.1) where G̃_{ab} = 1 2 ε_{abcd} G^{cd} = 2 ∂L ∂F^{ab} . (1.2)

The equation reads G^{ab} G̃_{ab} + F^{ab} F̃_{ab} = 0 (1.3)

and presents a nontrivial constraint on the lagrangian.

The Born-Infeld (BI) theory [11] is a particular solution of eq. (1.3). The BI action naturally appears in string theory [12, 13] (see [14] for a recent review). Its N = 1 supersymmetric generalization [16] (see also [15]) turns out to be the action for a Goldstone multiplet associated with partial breaking of N = 2 to N = 1 supersymmetry [17, 18]. It has been conjectured [19] that a N = 2 supersymmetric generalization of the BI action should provide a model for partial breakdown N = 4 → N = 2, with the N = 2 vector multiplet being the corresponding Goldstone field, but the existing mechanisms of partial supersymmetry breaking are very difficult to implement in the N = 4 case. A candidate for N = 2 BI action has been suggested in [20]. It correctly reduces to the Cecotti-Ferrara action [16] once the (0, 1/2) part of the N = 2 vector multiplet is switched off. However, there exist infinitely many N = 2 superfield actions with that property. Therefore, requiring the correct N = 1 reduction does not suffice to fix a proper N = 2 generalization of the BI action. One has to impose additional physical requirements. Since no mechanism for partial N = 4 → N = 2 breaking is currently available, it is natural to look for the N = 2 BI action as a solution of the supersymmetric generalization of the Gaillard-Zumino equation (1.3).

In this paper we find N = 1, 2 supersymmetric generalizations of the duality equation (1.3). They are presented in eqs. (2.8) and (3.10), respectively. It is not surprising that the Cecotti-Ferrara action [16] is a solution of the N = 1 duality equation. In contrast, the action proposed in [20] does not satisfy the N = 2 duality equation. However, the key to the construction of duality invariant N = 2 BI action was given in [21] where a nonlinear N = 2 superfield constraint was introduced as a minimal extension of that generating the N = 1 BI action [17, 18]. It was asserted that the constrained superfield introduced does generate the N = 2 action given in [20]. While this claim is incorrect, the constrained superfield nevertheless does generate the duality invariant N = 2 action that reduces to the N = 1 BI action after the (0, 1/2) part of the N = 2 vector multiplet is switched off.

One application of the N = 2 duality equation may be to compute the duality invariant low-energy effective actions of supersymmetric gauge theories. The N = 4 super Yang-Mills theory is expected to be self-dual [22, 23]. It was proposed in [24] to look for its low-energy action on the Coulomb branch as a solution of the self-duality equation via the N = 2 superfield Legendre transformation, and a few subleading corrections to the low-energy action were determined. For non-supersymmetric theories it was shown in [7] that the Gaillard-Zumino equation (1.3) implies self-duality via Legendre transformation. The Gaillard-Zumino equation is much simpler to solve and this advantage becomes essential in supersymmetric theories, where the procedure of inverting the Legendre transformation appears to be more involved at higher orders of perturbation theory [24].

We have already remarked that (1.3) implies self-duality via Legendre transformation, but it is in fact a stronger condition. With reference to recent interest in the (supersymmetric) BI action within the context of D-branes, this stronger condition is in fact what one would like to impose. As was noted in [25, 26, 27], the D3-brane world-volume action, which contains, in addition to the gauge field also the axion and the dilaton fields, possesses a non-trivial SL(2, R) symmetry. The BI action we are considering corresponds to the CP-even part of this action for the special choice of vanishing axion and dilaton. This background is invariant precisely under the U(1) ⊂ SL(2, R) duality group we are considering.

Our paper is organized as follows. In section 2 we derive the N = 1 generalization of the Gaillard-Zumino equation and give a family of duality invariant nonlinear N = 1 models. The N = 1 BI action [16] is a special member of this family. We also introduce a superconformally invariant generalization of the N = 1 BI action by coupling the vector multiplet to a scalar multiplet. In section 3 we present the N = 2 duality equation and derive its nonperturbative solution that reduces to the N = 1 BI action when the (0, 1/2) part of N = 2 vector multiplet is switched off. We also develop a consistent perturbative scheme of computing duality invariant N = 2 superconformal actions. In appendix A we discuss the general structure of the duality equation in the non-supersymmetric case and we show that any solution of (1.3) admits a supersymmetric extension. In appendix B we give an explicit proof that the N = 2 BI action is self-dual with respect to Legendre transformation.

2. N = 1 duality rotations

Let S[W, W̄ ] be the action describing the dynamics of a single N = 1 vector multiplet. The (anti) chiral superfield strengths W̄_{α̇} and W_α,^1

W_α = − 1 4 D̄^2D_α V , W̄_{α̇} = −1 4 D^2D̄_{α̇} V , (2.1)

are defined in terms of a real unconstrained prepotential V . As a consequence, the strengths are constrained superfields, that is they satisfy the Bianchi identity

D^α W_α = D̄_{α̇} W̄^{α̇} . (2.2)

Suppose that S[W, W̄ ] can be unambiguously defined^2 as a functional of unconstrained (anti) chiral superfields W̄_{α̇} and W_α. Then, one can define (anti) chiral superfields M̄_{α̇} and M_α as

i M_α ≡ 2 δ δW^α S[W, W̄ ] , −i M̄^{α̇} ≡ 2 δ δW̄_{α̇} S[W, W̄ ] . (2.3)

The equation of motion following from the action S[W, W̄ ] reads

D^α M_α = D̄_{α̇} M̄^{α̇} . (2.4)

Since the Bianchi identity (2.2) and the equation of motion (2.4) have the same functional form, one may consider infinitesimal U(1) duality transformations

δW_α = λ M_α , δM_α = −λ W_α . (2.5)

1Our N = 1 conventions correspond to [28].

2This is always possible if S[W, W̄ ] does not involve the combination D^α W_α as an independent variable.

To preserve the definition (2.3) of M_α and its conjugate, the action should transform as δS = − i 4 λ ∫ d^6z {W^αW_α − M^αM_α} + i 4 λ ∫ d^6z̄ {¯ W_{α̇}W̄^{α̇} − M̄_{α̇}M̄^{α̇} } , (2.6)

in complete analogy with the analysis of [7] for the non-supersymmetric case.^3 On the other hand, S is a functional of W_α and W̄_{α̇} only, and therefore its variation under (2.5) is δS = i 2 λ ∫ d^6z M^αM_α − i 2 λ ∫ d^6z̄ M̄_{α̇}M̄^{α̇} . (2.7)

Since these two variations must coincide, we arrive at the following reality condition ∫ d^6z ( W^αW_α + M^αM_α ) = ∫ d^6z̄ ( W̄_{α̇}W̄^{α̇} + M̄_{α̇}M̄^{α̇} ) . (2.8)

In eq. (2.8), the superfields M_α and M̄_{α̇} are defined as in (2.3), and W_α and W̄_{α̇} should be considered as unconstrained chiral and antichiral superfields, respectively. Eq. (2.8) is the condition for the N = 1 supersymmetric theory to be duality invariant. We call it the N = 1 duality equation.

A nontrivial solution of eq. (2.8) is the N = 1 supersymmetric Born-Infeld action [16, 17, 18] (see also [15])

S_{BI} = 1 4 ∫ d^6z W^2 + 1 4 ∫ d^6z̄ W̄^2 + 1 g^4 ∫ d^8z

W^2 W̄^2 1 +^1_2 A + √ 1 + A +^1_4 B^2 ,

A = 1 2g^4 ( D^2 W^2 + D̄^2 W̄^2 ) , B = 1 2g^4 ( D^2 W^2 − D̄^2 W̄^2 ) , (2.9)

where g is a coupling constant. This is a model for a Goldstone multiplet associated with partial breaking of N = 2 to N = 1 supersymmetry [17, 18] (see also [14]), with W_α being the Goldstone multiplet.

New examples of N = 1 duality invariant models can be obtained by considering a general action of the form (see also appendix A) S = 1 4 ∫ d^6z W^2 + 1 4 ∫ d^6z̄ W̄^2 + 1 2 ∫ d^8z W^2 W̄^2 L(D^2 W^2, D̄^2 W̄^2) , (2.10)

where L(u, ū) is a real analytic function of the complex variable u ≡ D^2 W^2 and its conjugate. One finds

i M_α = W_α { 1 − 1 2 D̄^2 [ W̄^2 ( L + D^2 ( W^2 ∂L ∂u ))]} . (2.11)

3Note that the action S itself is not duality invariant, but rather the combination S − i 4 ∫ d^6z W M +^i_4 ∫ d^6z̄ W̄ M̄. The invariance of this functional under a finite U(1) duality rotation by π/2, is equivalent to the self-duality of S under Legendre transformation, S[W, W̄ ] − i 2 ∫ d^6z W W_D +^i_2 ∫ d^6z̄ W̄ W̄_D = S[W_D, W̄_D] , with W_D being the dual chiral field strength.

Then, eq. (2.8) leads to 4 ∫ d^8z W^2 W̄^2 ( Γ − Γ̄ ) = ∫ d^8z W^2 W̄^2 ( Γ^2 D̄^2 W̄^2 − Γ̄^2 D^2 W^2 ) , (2.12)

where Γ ≡ L + ∂L ∂u D^2 W^2 = ∂(u L) ∂u . (2.13)

Since the latter functional relation must be satisfied for arbitrary (anti) chiral superfields W̄_{α̇} and W_α, we arrive at the following differential equation for L(u, ū): 4 ( ∂(u L) ∂u − ∂(ū L) ∂ū ) = ū ( ∂(u L) ∂u )_2 − u ( ∂(ū L) ∂ū )_2 . (2.14)

Similar to the non-supersymmetric case [4, 7], the general solution of this equation involves an arbitrary real analytic function of a single real argument, f(ū u).^4 It is an easy exercise to check that the N = 1 BI action (2.9) satisfies eq. (2.14).

We conclude this section by giving an extension of the model (2.9), in which the vector multiplet is coupled to an external chiral superfield Φ in such a way that the system is not only duality invariant but also invariant under the N = 1 superconformal group. The action is S = 1 4 ∫ d^6z W^2 + 1 4 ∫ d^6z̄ W̄^2 + ∫ d^8z

W^2 W̄^2 (Φ Φ̄)^{−2} 1 +^1_2 A + √ 1 + A +^1_4 B^2

, (2.15)

A = 1 2 ( D^2 Φ̄2 (W 2 Φ^2 ) + D̄2 Φ^2 (W̄ 2 Φ̄2 )) , B = 1 2 ( D^2 Φ̄2 (W 2 Φ^2 ) − D̄2 Φ^2 (W̄ 2 Φ̄2 )) . Superconformal invariance follows from the superconformal transformation properties as given in [30]. The theory is invariant under the duality rotations (2.5) with Φ being inert. By its very construction, the action is also invariant under global phase transformations of Φ. In a sense, this model is analogous to the BI theory coupled to dilaton and axion fields [5, 8].

Similar to the analysis of [17, 18], it is possible to show that the action (2.15) can be represented in the form S = 1 4 ∫ d^6z X + 1 4 ∫ d^6z̄ X̄ , (2.16)

where the chiral superfield X is a functional of W_α and W̄_{α̇} such that it satisfies the nonlinear constraint X + X D̄2 4Φ^2 (¯ X Φ̄2 ) = W^2 . (2.17)

The N = 1 BI theory is obtained from this model by freezing Φ.

4Among non-supersymmetric duality invariant models, only the Maxwell action and the BI action satisfy the requirement of shock-free wave propagation [29].

More generally, for any duality invariant system defined by eqs. (2.10) and (2.14), the replacement

W^2 W̄^2 −→

W^2 W̄^2 Φ^2 Φ̄^2 , D^2 −→ 1 Φ̄2 D^2 1 Φ^2

(2.18)

in (2.10) preserves the duality invariance but turns the action into a N = 1 superconformal functional.

3. N = 2 duality rotations

We now generalize the results of the previous section to the case of N = 2 supersymmetry. We will work in N = 2 global superspace R^{4|8} parametrized by Z^A = (x^a, θ^α_i , θ̄^i_{α̇}), where i = 1, 2. The flat covariant derivatives D_A = (∂_a, D^i_α, D̄^{α̇}_i ) satisfy the standard algebra

{ D^i_α, D^j_β } = { D̄_{α̇i}, D̄˙_{βj} } = 0 , { D^i_α, D̄_{α̇j} } = −2 i δ^i_j (σ^a)_{αα̇} ∂_a . (3.1)

Throughout this section, we will use the notation: D^{ij} ≡ D^{α(i}D^{j)}α = D^{αi}D^j_α , D̄^{ij} ≡ D̄^{(i}_{α̇} D̄^{j) α̇} = D̄^i_{α̇}D̄^{j α̇} D^4 ≡ 1 16 (D^1)^2 (D^2)^2 , D̄^4 ≡ 1 16 (D̄_1)^2 (D̄_2)^2 . (3.2)

An integral over the full superspace can be reduce to one over the chiral subspace or over the antichiral subspace as follows: ∫ d^{12}Z L(Z) = ∫ d^8Z D^4L(Z) = ∫ d^8Z̄ D̄^4L(Z) . (3.3)

3.1 N = 2 duality equation The discussion in this subsection is completely analogous to the one presented in the first part of section 2. We will thus be brief. If S[W, W̄] is the action describing the dynamics of a single N = 2 vector multiplet, the (anti) chiral superfield strengths W̄ and W are [31] W = D̄^4D^{ij} V_{ij} , W̄ = D^4D̄^{ij} V_{ij} (3.4) in terms of a real unconstrained prepotential V_{(ij)}. The strengths then satisfy the Bianchi identity [32] D^{ij} W = D̄^{ij} W̄ . (3.5) Suppose that S[W, W̄] can be unambiguously defined as a functional of unconstrained (anti) chiral superfields W̄ and W. Then, one can define (anti) chiral superfields M̄ and M as

i M ≡ 4 δ δW S[W, W̄] , −i M̄ ≡ 4 δ δW̄ S[W, W̄] (3.6) in terms of which the equations of motion read

D^{ij} M = D̄^{ij} M̄ . (3.7)

Again, since the Bianchi identity (3.5) and the equation of motion (3.7) have the same functional form, one can consider infinitesimal U(1) duality transformations δW = λ M , δM = −λ W . (3.8) Repeating the analysis of Gaillard and Zumino [7] (see also section 2), we now have to impose δS = − i 8 λ ∫ d^8Z ( W^2 − M^2 ) + i 8 λ ∫ d^8Z̄ ( W̄^2 − M̄^2 )

= i 4 λ ∫ d^8Z M^2 − i 4 λ ∫ d^8Z̄ M̄^2 . (3.9)

The theory is thus duality invariant provided the following reality condition is satisfied: ∫ d^8Z ( W^2 + M^2 ) = ∫ d^8Z̄ ( W̄^2 + M̄^2 ) . (3.10)

Here M and M̄ are defined as in (3.6), and W and W̄ should be considered as unconstrained chiral and antichiral superfields, respectively. Eq. (3.10) serves as our master functional equation to determine duality invariant models of the N = 2 vector multiplet. We remark that, as in the N = 1 case, the action itself is not duality invariant, but δ ( S − i 8 ∫ d^8Z MW + i 8 ∫ d^8Z̄ M̄W̄ ) = 0 . (3.11)

The invariance of the latter functional under a finite U(1) duality rotation by π/2, is equivalent to the self-duality of S under Legendre transformation, S[W, W̄] − i 4 ∫ d^8Z WW_D + i 4 ∫ d^8Z̄ W̄W̄_D = S[W_D, W̄_D] , (3.12)

where the dual chiral field strength W_D is given by eq. (B.2).

3.2 N = 2 BI action

Recently, Ketov [20] suggested the following action

S_{BI} = 1 8 ∫ d^8Z W^2 + 1 8 ∫ d^8Z̄ W̄^2 + 1 4 ∫ d^{12}Z

W^2 W̄^2 1 −^1_2 A + √ 1 − A +^1_4 B^2 , A = D^4 W^2 + D̄^2 W̄^2 , B = D^4 W^2 − D̄^4 W̄^2 (3.13) as the N = 2 supersymmetric generalization of the BI action. We will first demonstrate that it indeed reduces to the N = 1 BI action. We then show that this condition is not strong enough to uniquely fix the N = 2 BI action but this is possible if, in addition, one imposes eq. (3.10).

Given a N = 2 superfield U, its N = 1 projection is defined to be U| = U(Z)|_{θ2=}¯_θ2_{=0}. The N = 2 vector multiplet contains two independent chiral N = 1 components W| = √ 2 Φ , D^2_α W| = 2i W_α , (D^2)^2W| = √ 2 D̄^2Φ̄ . (3.14)

Using in addition that ∫ d^8Z = − 1 4 ∫ d^6z (D^2)^2 , ∫ d^{12}Z = 1 16 ∫ d^8z (D^2)^2 (D̄_2)^2 , (3.15)

the free N = 2 vector multiplet action straightforwardly reduces to N = 1 superfields

S_{free} = 1 8 ∫ d^8Z W^2+ 1 8 ∫ d^8Z̄ W̄^2 = ∫ d^8z Φ̄Φ+ 1 4 ∫ d^6z W^2+ 1 4 ∫ d^6z̄ W̄^2 . (3.16)

If one switches off Φ,

Φ = 0 =⇒ (D^2)^2W| = 0 , (3.17)

the action (3.13) reduces to the N = 1 BI theory (2.9) (with g = 1). However, as we will now demonstrate, there exist infinitely many N = 2 actions with that property.^5 To demonstrate why this is possible, consider the following obviously different functionals ∫ d^{12}Z W^2W̄^2 { (D^4W^2)^2D̄^4W̄^2 + (D̄^4W̄^2)^2D^4W^2 } , ∫ d^{12}Z W^2W̄^2 { (D^4W^2) D̄^4 [ W̄^2D^4W^2 ] + (D̄^4W̄^2) D^4 [ W^2D̄^4W̄^2 ] } . They coincide under (3.17). Therefore, the requirement of correct N = 1 reduction is too weak to fix a proper N = 2 generalization of the BI action.^6

We suggest to search for a N = 2 generalization of the BI action as a solution of the N = 2 duality equation (3.10) compatible with the requirement to give the correct N = 1 reduction. We have checked to some order in perturbation theory

5The property W_α W_β W_γ = 0 of the N = 1 vector multiplet, which is crucial in the discussion of the N = 1 BI action, has no direct analog for its N = 2 counterpart.

6It was claimed in [20, 21] that the action (3.13) is self-dual with respect to the N = 2 Legendre transformation. This is, however, not correct.

that these two requirements uniquely fix the solution:

S_{BI} = 1 8 ∫ d^8ZW^2 + 1 8 ∫ d^8Z̄W̄^2 + S_{int} ,

S_{int} = 1 8 ∫ d^{12}ZW^2W̄^2 { 1 + 1 2 ( D^4W^2 + D̄^4W̄^2 ) + 1 4 ( (D^4W^2)^2 + (D̄^4W̄^2)^2 ) + + 3 4 (D^4W^2)(D̄^4W̄^2) + 1 8 ( (D^4W^2)^3 + (D̄^4W̄^2)^3 ) + + 1 2 ( (D^4W^2)^2(D̄^4W̄^2) + (D^4W^2)(D̄^4W̄^2)^2 ) + + 1 4 ( (D^4W^2)D̄^4 [ W̄^2D^4W^2 ] + (D̄^4W̄^2)D^4 [ W^2D̄^4W̄^2 ])} + + O(W^{12}) . (3.18)

The expression in the last two lines of (3.18) constitutes the leading perturbative corrections where our solution of the duality equation (3.10) differs from the action (3.13).

We now present the nonperturbative solution of (3.10) which reduces to the N = 1 BI action (2.9) under the condition (3.17). The action reads

S_{BI} = 1 4 ∫ d^8Z X + 1 4 ∫ d^8Z̄ X̄ , (3.19)

where the chiral superfield X is a functional of W and W̄ defined via the constraint^7 X = X D̄^4X̄ + 1 2 W^2 . (3.20)

Solving it iteratively for X one may verify the equivalence of (3.19) and (3.18) up to the indicated order. The constraint (3.20) was introduced in [21] as a N = 2 generalization of that generating the N = 1 BI action (2.9) [17, 18] (see eq. (2.17)). It was also claimed in [21] that the action (3.13) can be equivalently described by eqs. (3.19) and (3.20). This is clearly incorrect, since they lead to the action (3.18) rather than to (3.13). But the constraint (3.20) has a deep origin: the SL(2, R) invariant system introduced in [8] admits a minimal N = 2 extension on the base of the constraint (3.20) such that the original SL(2, R) invariance remains intact.

Let us prove that the system described by eqs. (3.19) and (3.20) provides a solution of the duality equation (3.10). Under an infinitesimal variation of W only, we have

δ_W X = δ_W X D̄^4X̄ + X D̄^4δ_WX̄ + W δW , δ_WX̄ = δ_WX̄ D^4X + X̄ D^4δ_W X . (3.21)

7The property X^2 = 0 of the N = 1 constraint (2.17) has no direct analog for X .

From these relations one gets

δ_W X = 1 1 − Q [ W δW 1 − D̄^4X̄ ] , δ_WX̄ = X̄ 1 − D^4X

D^4δ_W X , (3.22)

where Q = P P̄ , Q̄ = P̄ P , P =^X_{1−D̄4X̄} D̄^4 , P̄ =^{X̄}_{1−D4X} D^4 . (3.23)

With these results, it is easy to compute M:

i M = W 1 − D̄^4X̄ { 1 + D̄^4 P̄ 1 1 − Q X 1 − D̄^4X̄

+ D̄^4 1 1 − Q̄ X̄ 1 − D^4X } . (3.24)

Now, a short calculation gives Im ∫ d^8Z { M^2 + 2 1 1 − Q X 1 − D̄^4X̄ } = 0 . (3.25)

On the other hand, the constraint (3.20) implies ∫ d^8Z X − ∫ d^8Z̄ X̄ = 1 2 ∫ d^8Z W^2 − 1 2 ∫ d^8Z̄ W̄^2 , (3.26)

and hence δ δW {∫ d^8Z X − ∫ d^8Z̄ X̄ } = W . (3.27)

The latter relation can be shown to be equivalent to 1 1 − Q X 1 − D̄^4X̄ = P 1 1 − Q̄ X̄ 1 − D^4X

+ X . (3.28)

Using this result in eq. (3.25), we arrive at the relation ∫ d^8Z M^2 − ∫ d^8Z̄ M̄^2 = −2 ∫ d^8Z X + 2 ∫ d^8Z̄ X̄ , (3.29)

which is equivalent, due to (3.26), to (3.10).

In appendix B we prove the self-duality of the N = 2 BI action under Legendre transformation explicitly, although this property already follows from the general analysis of [7] or our discussion in section 3.1.

3.3 Duality invariant N = 2 superconformal actions The N = 4 super Yang-Mills theory is believed to be self-dual [22, 23]. It was therefore suggested in [24] to look for its low-energy effective action on the Coulomb branch as a solution to the self-duality equation via the N = 2 Legendre transformation such that the leading (second- and fourth- order) terms in the momentum expansion of the action look like

S_{lead} = 1 8 ∫ d^8Z W^2 + 1 8 ∫ d^8Z̄ W̄^2 + 1 4 c ∫ d^{12}Z ln W ln W̄ + · · · , (3.30)

where the third term represents the leading quantum correction computed in [33, 24].

In our opinion, the perturbative scheme of solving the self-duality equation via the N = 2 Legendre transformation is difficult [24] as one has to invert the Legendre transformation. We suggest to look for the low-energy action of N = 4 SYM as a solution of the N = 2 duality equation (3.10). This equation is easy to deal with and it implies self-duality via Legendre transformation.

The low-energy effective action we are looking for should be in addition invariant under the N = 2 superconformal group. This means that, along with the structures given in (3.30), the action may involve the following manifestly superconformal functionals [30]

S_1 = ∫ d^{12}Z ln W Λ(∇ ln W) + c.c. , (3.31)

S_2 = ∫ d^{12}Z Υ(∇ ln W , ¯∇ ln W̄) , (3.32)

where ∇ ≡ 1 W̄ 2 D^4 , ¯∇ ≡ 1 W^2

D̄^4 , (3.33)

and Λ and Υ are arbitrary holomorphic and real analytic functions, respectively. The superfields ∇ ln W and ¯∇ ln W̄ prove to be superconformal scalars [30]. The main property of the operators (3.33) is that, for any superconformal scalar Ψ, ∇Ψ and ¯∇Ψ are also superconformal scalars.

In components, the functionals (3.30), (3.31) and (3.32) contain all possible structures which involve the physical scalar fields φ = W|_{θ=0} and the electromagnetic field strength F_{ab} (where F_{αβ} ∝ D_α^iD_{β i}W|_{θ=0}) without derivatives, along with terms containing derivatives and auxiliary fields. Simple power counting determines the necessary number of covariant derivatives in the action in order to produce a given power of F . Since F ∝ D^2W, there should be 4n D’s in the superfield lagrangian to get F^{4+2n} (additional 8 derivatives come from the superspace measure, ∫ d^{12}Z = ∫ d^4x D^4D̄^4).

We are looking for a perturbative solution of (3.10) in the framework of the momentum expansion or, equivalently, as a series in powers of ∇ and ¯∇. But with the Ansatz S = S_{lead} + S_1 + S_2 it is easy to see that no solution of (3.10) exists. To obtain a consistent perturbation theory, we should allow for higher derivatives. More precisely, we should add new terms such that any number of operators ∇ and ¯∇ are inserted in the Taylor expansion of Υ (3.32). In other words, S_2 should be extended to a more general functional Ŝ_2 which can be symbolically written as^8

Ŝ_2 = ∫ d^{12}Z Υ̂(∇ ln W , ¯∇ ln W̄ , ∇ , ¯∇) . (3.34)

For the action S[W, W̄] = S_{lead} + S_1 + Ŝ_2 (3.35)

the equation of motion can be represented in terms of

i M ≡ 4 δ δW S[W, W̄] = W { 1 + ¯∇Γ } , (3.36)

for some functional Γ(ln W, ln W̄, ∇, ¯∇) such that Γ = c ln W̄ + O(∇). Then, the duality equation (3.10) is equivalent to Im ∫ d^{12}Z { 2 Γ + Γ ¯∇ Γ } = 0 . (3.37)

In the framework of perturbation theory, the procedure of solving of eq. (3.37) amounts to simple algebraic operations. To low order in the perturbation theory, the solution reads S = 1 8 ∫ d^8Z W^2 + 1 8 ∫ d^8Z̄ W̄^2 + 1 4 ∫ d^8Z̄ L ,

L = c ln W ln W̄ + 1 4 c^2 ( ln W ∇ ln W + c.c. ) + + 1 4 c^3 d (∇ ln W) ¯∇ ln W̄ − 1 8 c^3 ( ln W (∇ ln W)^2 + c.c. ) + + 1 16 c^4 ( (1 − 4d) (∇ ln W)^2 ¯∇ ln W̄ + (2d − 1) (∇ ln W) ¯∇∇ ln W + + 5 3 ln W (∇ ln W)^3 + c.c. ) + O(∇^4) . (3.38)

Here d is the first parameter in the derivative expansion of S which is not fixed by the N = 2 duality equation (3.10). Note that if we had only imposed the condition of self-duality under Legendre transformation, as was done in [24], we could not have fixed the coefficent −^1_8 c^3 of the fourth term in L. In general, for any self-conjugate monomial in the expansion of S, like (∇ ln W) ¯∇ ln W̄, the corresponding coefficient is not determined by eq. (3.10) in terms of those appearing in the structures in S with less derivatives. However, such coefficients can be fixed if one imposes some additional conditions on the solution of eq. (3.10). For example, one can require the solution to reduce to a given N = 1 action under the condition W| = const.

8There exist more general superconformal invariants of the N = 2 vector multiplet [30], as compared to the action (3.34), and some of them were determined in [24] from the requirement of scale and U(1)_R invariance. It suffices for our purposes that (3.34) provides a consistent Ansatz to solve the N = 2 duality equation (3.10).

It should be pointed out that the c^3-corrections in (3.38) have been determined in [24] by solving the self-duality equation via the N = 2 Legendre transformation. To compute the O(c^4) term via the duality equation (3.10) involves only elementary algebraic manipulations.

As is seen from (3.38), solutions of the duality equation (3.10) contain higher derivative structures ¯∇∇ ln W, ∇ ¯∇∇ ln W, etc. What is the fate of such terms? The striking result of [24] is the fact that, to the order c^3, there exists a nonlinear N = 1 superfield redefinition which eliminates all higher derivative (accelerating) component structures (contained already in the first term of L (3.38)). The price for such a redefinition is that the original linear N = 2 supersymmetry turns into a nonlinear one being typical for D3-brane actions [34]. The nonlinear redefinition of [24] eliminates the higher derivative terms to some order of perturbation theory, but it in turn generates new such terms at higher orders in the momentum expansion. Therefore, in order for such a nonlinear redefinition to be consistently defined, the superfield action should involve higher derivatives of arbitrary order. The duality equation (3.10) might guarantee the existence of a consistent redefinition to eliminate acceleration terms.

Acknowledgments

We are grateful to Gleb Arutyunov, Evgeny Ivanov and Arkady Tseytlin for helpful discussions. Support from DFG, the German National Science Foundation, from GIF, the German-Israeli foundation for Scientific Research and from the EEC under TMR contract ERBFMRX-CT96-0045 is gratefully acknowledged. This work was also supported in part by the NATO collaborative research grant PST.CLG 974965, by the RFBR grant No. 99-02-16617, by the INTAS grant No. 96-0308 and by the DFG-RFBR grant No. 99-02-04022.

A. N = 0 duality invariant models

In this appendix we give several equivalent forms of the Gallard-Zumino equation (1.3) by representing the lagrangian L(F_{ab}) as a real function of one complex variable, L(F_{ab}) = L(U, Ū) , U = F + i G , F = 1 4 F^{ab}F_{ab} , G = 1 4 F^{ab}F̃_{ab} . (A.1)

The theory is parity invariant iff L(U, Ū) = L(Ū, U).

One calculates G̃ (1.2) to be

G̃_{ab} = ( F_{ab} + i F̃_{ab} ) ∂L ∂U + ( F_{ab} − i F̃_{ab} ) ∂L ∂Ū , (A.2) and the Gallard-Zumino equation (1.3) takes the form

Im { U − 4 U ( ∂L ∂U )_2} = 0 , (A.3)

which is equivalent to the equations obtained in [4, 7] but turns out to be more convenient for supersymmetric generalizations. If one splits L into the sum of Maxwell’s part and an interaction, L = − 1 2 ( U + Ū ) + L_{in} , L_{in} = O(|U|^2) , (A.4)

the above equation turns into Im { U ∂L_{in} ∂U − U ( ∂L_{in} ∂U )_2} = 0 . (A.5)

We restrict L_{in} to be a real analytic function of U and Ū. Then, every solution of eq. (A.5) is of the form

L_{in}(U, Ū) = U Ū Ω(U, Ū) , Ω = O(1) , (A.6)

where Ω satisfies Im { ∂(U Ω) ∂U − Ū ( ∂(U Ω) ∂U )_2} = 0 . (A.7)

Note that for any solution L_{in}(U, Ū) of (A.5), or any solution Ω(U, Ū) of (A.7), the functions

L̂_{in}(U, Ū) = 1 κ^2

L_{in}(κ^2 U, κ^2 Ū) , Ω̂(U, Ū) = κ^2 Ω(κ^2 U, κ^2 Ū) (A.8)

are also solutions of eqs. (A.5) and (A.7), respectively, for arbitrary real parameter κ^2.

Up to a trivial rescaling, eq. (A.7) coincides with the N = 1 duality equation (2.14). Therefore, any non-supersymmetric duality invariant model admits a N = 1 supersymmetric extension given by eqs. (2.10) and (2.14). It is easy to read off the bosonic sector of the action (2.10). For vanishing fermionic fields, W_α|_{θ=0} = 0, one finds [28] 1 8 D^2 W^2|_{θ=0} = U − 2 D^2 , (A.9)

where D(x) is the auxiliary field of the N = 1 vector multiplet. If we take the solution D = 0 of the equation of motion for D, then the action (2.10) reduces to a generic N = 0 duality invariant model.

B. N = 2 BI action and Legendre transformation

To prove that the system defined by eqs. (3.19) and (3.20) is self-dual under Legendre transformation, we replace the action (3.19) by the following one S = 1 4 ∫ d^8Z { X [W, W̄] − i W W_D } + 1 4 ∫ d^8Z̄ { X̄ [W, W̄] + i W̄W̄_D } , (B.1)

where W is now considered to be an unconstrained chiral superfield, and its dual chiral strength W_D reads W_D = D̄^4D^{ij} U_{ij} , (B.2)

with U_{ij} an unconstrained real prepotential. The equation of motion for U_{ij} implies the Bianchi identity (3.5), and hence the action reduces to (3.19). On the other hand, varying the action with respect to W leads to

W_D = M , (B.3)

where M is given in eq. (3.24). The latter equation can be solved to express W in terms of W_D and its conjugate. Instead of doing this explicitly, we note that eqs. (3.28) and (B.3) allow one to rewrite the action (B.1) as S = 1 4 ∫ d^8Z X_D + 1 4 ∫ d^8Z̄ X̄_D , (B.4)

where X_D ≡ − 1 1 − Q X 1 − D̄^4X̄ − P 1 1 − Q̄ X̄ 1 − D^4X

. (B.5)

Using eqs. (3.28) and (B.3) once more, one can prove that X_D satisfies the constraint

X_D = X_D D̄^4X̄_D + 1 2 W_D^2 . (B.6)

This completes the proof.

References

[1] M.K. Gaillard and B. Zumino, Duality rotations for interacting fields, Nucl. Phys. B 193 (1981) 221.

[2] B. Zumino, Duality rotations, in Quantum structure of space and time, M.J. Duff and C.J. Isham eds., Cambridge University Press, Cambridge 1982, p. 363.

[3] P. Binétruy and M.K. Gaillard, S-duality constraints on effective potentials for gaugino condensation, Phys. Lett. B 365 (1996) 87 [hep-th/9506207].

[4] G.W. Gibbons and D.A. Rasheed, Electric-magnetic duality rotations in nonlinear electrodynamics, Nucl. Phys. B 454 (1995) 185 [hep-th/9506035].

[5] G.W. Gibbons and D.A. Rasheed, SL(2, R) invariance of non-linear electrodynamics coupled to an axion and a dilaton, Phys. Lett. B 365 (1996) 46 [hep-th/9509141].

[6] M.K. Gaillard and B. Zumino, Self-duality in nonlinear electromagnetism, in Supersymmetry and quantum field theory, J. Wess and V.P. Akulov eds., Springer Verlag, 1998, p. 121 [hep-th/9705226].

[7] M.K. Gaillard and B. Zumino, Nonlinear electromagnetic self-duality and legendre transformations, hep-th/9712103, to appear in Duality and supersymmetric theories, P.C. West and D. Olive eds., Cambridge University Press.

[8] D. Brace, B. Morariu and B. Zumino, Duality invariant Born-Infeld theory,

hep-th/9905218.

[9] Y. Igarashi, K. Itoh and K. Kamimura, Electric-magnetic duality rotations and invariance of actions, Nucl. Phys. B 536 (1998) 454 [hep-th/9806160]; M. Hatsuda, K. Kamimura and S. Sekiya, Electric-magnetic duality invariant lagrangians, Nucl. Phys. B 561 (1999) 341 [hep-th/9906103].

[10] P. Aschieri, D. Brace, B. Morariu and B. Zumino, Nonlinear self-duality in even dimensions, hep-th/9909021.

[11] M. Born and L. Infeld, Foundations of the new field theory, Proc. Roy. Soc. A144 (1934) 425.

[12] E.S. Fradkin and A.A. Tseytlin, Nonlinear electrodynamics from quantized strings, Phys. Lett. B 163 (1985) 123.

[13] R.G. Leigh, Dirac-Born-Infeld action from Dirichlet sigma model, Mod. Phys. Lett. A 4 (1989) 2767.

[14] A.A. Tseytlin, Born-Infeld action, supersymmetry and string theory, hep-th/9908105.

[15] S. Deser and R. Puzalowski, Supersymmetric nonpolynomial vector multiplets and causal propagation, J. Phys. A13 (1980) 2501.

[16] S. Cecotti and S. Ferrara, Supersymmetric Born-Infeld lagrangians, Phys. Lett. B 187 (1987) 335.

[17] J. Bagger and A. Galperin, A new goldstone multiplet for partially broken supersymmetry, Phys. Rev. D 55 (1997) 1091 [hep-th/9608177].

[18] M. Roček and A.A. Tseytlin, Partial breaking of global D = 4 supersymmetry, constrained superfields and 3-brane actions, Phys. Rev. D 59 (1999) 106001 [hep-th/9811232].

[19] S. Bellucci, E. Ivanov and S. Krivonos, Partial breaking N = 4 to N = 2: hypermultiplet as a Goldstone superfield, Fortsch. Phys. 48 (2000) 19 [hep-th/9809190].

[20] S.V. Ketov, A manifestly N = 2 supersymmetric Born-Infeld action, Mod. Phys. Lett.

A 14 (1999) 501 [hep-th/9809121].

[21] S.V. Ketov, Born-Infeld-Goldstone superfield actions for gauge-fixed D5 and D3-branes in 6d, Nucl. Phys. B 553 (1999) 250 [hep-th/9812051].

[22] C. Montonen and D. Olive, Magnetic monopoles as gauge particles?, Phys. Lett. B 72 (1977) 117.

[23] H. Osborn, Topological charges for N = 4 supersymmetric gauge theories and monopoles of spin 1, Phys. Lett. B 83 (1979) 321.

[24] F. Gonzalez-Rey, B. Kulik, I.Y. Park and M. Roček, Self-dual effective action of N = 4 super Yang-Mills, Nucl. Phys. B 544 (1999) 218 [hep-th/9810152].

[25] A.A. Tseytlin, Self-duality of Born-Infeld action and Dirichlet 3-brane of type-IIB superstring theory, Nucl. Phys. B 469 (1996) 51 [hep-th/9602064]; M.B. Green and M. Gutperle, Comments on three-branes, Phys. Lett. B 377 (1996) 28 [hep-th/9602077].

[26] M. Aganagic, J. Park, C. Popescu and J.H. Schwarz, Dual D-brane actions, Nucl.

Phys. B 496 (1997) 215 [hep-th/9702133].

[27] J. Park and S.-J. Rey, Dual D-brane actions on AdS_5 × S^5, J. High Energy Phys. 11 (1998) 008 [hep-th/9810154].

[28] I.L. Buchbinder and S.M. Kuzenko, Ideas and methods of supersymmetry and supergravity, IOP, Bristol 1995.

[29] S. Deser, J.G. McCarthy and O. Sarioglu, ‘Good propagation’ and duality invariance constraints on scalar, gauge vector and gravity actions, Class. and Quant. Grav. 16 (1999) 841 [hep-th/9809153];

J.G. McCarthy and O. Sarioglu, Shock-free wave propagation in gauge theories,

math-ph/9902004

[30] I.L. Buchbinder, S.M. Kuzenko and A.A. Tseytlin, On low-energy effective actions in N = 2,4 superconformal theories in four dimensions, hep-th/9911221.

[31] L. Mezincescu, On the superfield formulation of O(2) supersymmetry, Dubna preprint JINR-P2-12572, 1979.

[32] R. Grimm, M. Sohnius and J. Wess, Extended supersymmetry and gauge theories, Nucl. Phys. B 133 (1978) 275.

[33] F. Gonzalez-Rey and M. Roček, Nonholomorphic N = 2 terms in N = 4 SYM: 1-loop calculation in N = 2 superspace, Phys. Lett. B 434 (1998) 303 [hep-th/9804010]; I.L. Buchbinder and S.M. Kuzenko, Comments on the background field method in harmonic superspace: non-holomorphic corrections in N = 4 SYM, Mod. Phys. Lett. A 13 (1998) 1623 [hep-th/9804168];

E.I. Buchbinder, I.L. Buchbinder and S.M. Kuzenko, Non-holomorphic effective potential in N = 4 SU(N) SYM, Phys. Lett. B 446 (1999) 216 [hep-th/9810239]; D.A. Lowe and R. von Unge, Constraints on higher derivative operators in maximally supersymmetric gauge theory, J. High Energy Phys. 11 (1998) 014 [hep-th/9811017].

[34] M. Aganagic, C. Popescu and J.H. Schwarz, Gauge-invariant and gauge-fixed D-brane actions, Nucl. Phys. B 495 (1997) 99 [hep-th/9612080].